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ON THE LIMITING BEHAVIOR OF THE BROWN-YORK QUASI-LOCAL
MASS IN ASYMPTOTICALLY HYPERBOLIC MANIFOLDS
EZEQUIEL BARBOSA, LEVI LOPES DE LIMA, AND FREDERICO GIRA˜O
ABSTRACT. We show that the limit at infinity of the vector-valued Brown-York-
type quasi-local mass along any coordinate exhaustion of an asymptotically hy-
perbolic 3-manifold satisfying the relevant energy condition on the scalar curva-
ture has the conjectured causal character. Our proof uses spinors and relies on a
Witten-type formula expressing the asymptotic limit of this quasi-local mass as a
bulk integral which manifestly has the right sign under the above assumptions. In
the spirit of recent work by Hijazi, Montiel and Raulot, we also provide another
proof of this result which uses the theory of boundary value problems for Dirac
operators on compact domains to show that a certain quasi-local mass, which con-
verges to the Brown-York mass in the asymptotic limit, has the expected causal
character under suitable geometric assumptions.
1. INTRODUCTION
Let M be a compact 3-manifold with boundary S and let M be the interior of
M . A nonnegative smooth function ρ : M → R such that ρ−1(0) = S and dρ|S 6= 0
is called a defining function. Let g be a Riemannian metric onM . We say that (M, g)
is conformally compact if for any defining function ρ the metric g = ρ2g extends to
a smooth metric on M . The restriction g|S defines a metric which changes by a
conformal factor if the defining function is changed. Thus, the conformal class of
g|S , called the conformal infinity of (M, g), is well defined
We say that (M, g) as above is weakly asymptotically hyperbolic if |dρ|g = 1 along
S. This means that the sectional curvatures of (M, g) converge to −1 as one ap-
proaches S. In this case, if h0 is a metric on S in the given conformal class, there is
a unique defining function ρ in a collar neighborhood of S so that
(1.1) g = sinh−2 ρ
(
dρ2 + hρ
)
,
where hρ is a ρ-dependent family of metrics with hρ|ρ=0 = h0; see [AD] and [MP]
for further details. We will denote by∇ the Levi-Civita connection of g.
Definition 1.1. Under the conditions above, we say that (M, g) is asymptotically hy-
perbolic if h0 is a round metric on the sphere S
2 and if, in a collar neighborhood of the
conformal infinity, the following asymptotic expansion holds as ρ→ 0:
(1.2) hρ = h0 +
ρ3
3
h+ e,
where h is a symmetric 2-tensor on S2 and the remainder e satisfies
(1.3) |e|+ |∇e|+ |∇2e|+ |∇3e| = O(ρ4).
The first and second authors were partially supported by CNPq/Brazil.
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The tensor h above measures the deviation of g to the background hyperbolic
metric g0 = sinh
−2(dρ2 + h0) as ρ → 0. This led Wang [Wa] to define the mass of
(M, g) as
(1.4) Υ(M,g) =
1
16π
(ˆ
S2
xtrh0hdµh0 ,
ˆ
S2
trh0hdµh0
)
,
where µh0 is the area element of h0. This should be thought of as an element of
R3,1, the Minkowski space with coordinates (x, t) ∈ R3 ×R and Lorentzian metric
(1.5) ds2L = −dt
2 + dx2.
If 〈〈 , 〉〉 is the pairing associated with (1.5), it is proved that the quantity
〈〈Υ(M,g),Υ(M,g)〉〉
does not depend on the involved choices and therefore is an invariant of the as-
ymptotic geometry of (M, g); see [Wa], [CH] and [H]. If we define the future di-
rected light cone by
C+ = {(x, t) ∈ R3,1; t > 0, 〈〈(x, t), (x, t)〉〉 = 0},
and denote by Rg the scalar curvature of (M, g) then the corresponding Positive
Mass Theorem can be formulated as follows.
Theorem 1.1. [Wa] If (M, g) is an asymptotically hyperbolic 3-manifold satisfyingRg ≥
−6 everywhere then Υ(M,g) is time-like and future directed unless (M, g) is isometric to
hyperbolic 3-space H3 with the standard metric, in which case Υ(M,g) vanishes. Equiva-
lently,
(1.6) 〈〈Υ(M,g), η〉〉 ≤ 0,
for any η ∈ C+, with the equality occurring for some η if and only if Υ(M,g) vanishes and
(M, g) is hyperbolic space.
Remark 1.1. Under the conditions of the theorem, the total mass of (M, g),
(1.7) m(M,g) =
√
−〈〈Υ(M,g),Υ(M,g)〉〉,
is well defined. Thus,m(M,g) ≥ 0 andm(M,g) = 0 only if (M, g) is hyperbolic space.
Physically, this invariant may be interpreted as the total mass associated to a time-
symmetric solution (M, g) of Einstein field equations with a negative cosmological
constant Λ < 0 having (M, g) as initial data set. This means that (M, g) embeds as
a totally geodesic space-like slice of (M, g), which models an isolated gravitational
system. As usual, we assume that (M, g) satisfies the dominant energy condition
along M , so the constraint equations in General Relativity imply that Rg ≥ 6Λ
[HE]. In Theorem 1.1 and throughout the text we use the normalization Λ = −1.
Theorem 1.1 has been proved by Wang [Wa], who actually established the re-
sult in any dimension n ≥ 3 assuming that M is spin by using a variant of Wit-
ten’s method; see also [CH], where a more general result is proved in the spin
category, and [ACG] for a proof of a similar result without the spin assumption in
the dimensional range 3 ≤ n ≤ 7. We note that elementary proofs for graphs in
hyperbolic space have been obtained recently [dLG1] [dLG2] [DGS].
The asymptotic expression (1.7) for the mass reflects the well-known fact that
there exists no meaningful notion of energy density in General Relativity; for more
on this curious aspect of Einstein’s theory see [W1] [W2]. In particular, the problem
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of defining the total mass of a space-like compact domain in a given space-time,
and checking that this quasi-local mass has the expected physical properties, is a
highly non-trivial matter. Nevertheless, bymeans of the so-calledHamilton-Jacobi
method, Brown and York [BY] were able to define a notion of quasi-local mass in
case the bounding surface can be isometrically embedded in R3. A celebrated re-
sult by Shi-Tam [ST1] then guarantees that, at least in the time-symmetric case,
the Brown-York quasi-local mass is nonnegative for domains satisfying the dom-
inant energy condition Rg ≥ 0. Moreover, it vanishes only if the domain lies in
R3. In complete analogy with this classical picture, there have been attempts to
define a notion of quasi-local mass for compact domains whose boundary can be
isometrically embedded in hyperbolic space, so as to obtain (1.4) asymptotically at
infinity. An interesting proposal in the time-symmetric case has been put forward
in works byWang-Yau [WY1], Shi-Tam [ST2] and Kwong-Tam [KT]. To this effect,
let (Ω, g) be a compact 3-manifold whose boundary Σ is (topologically) a sphere
whose Gauss curvature satisfies K > −1 everywhere. A result by Pogorelov [P]
then implies that Σ can be isometrically embedded in hyperbolic spaceH3 and the
embedding is unique up to an isometry. Consider H3 ⊂ R3,1 in the usual manner
and let X : Σ → R3,1 be the position vector of the embedding. Thus, under these
conditions, the hyperbolic version of the Brown-York quasi-local mass of (Σ, X) is
(1.8) mBY (Σ, X) =
1
8π
ˆ
Σ
(H0 −H)XdΣ,
where H is the mean curvature of Σ ⊂ Ω and H0 is the mean curvature of Σ ⊂
H3. Notice that, as the notation makes it clear, the right-hand side in (1.8) above
depends not only on Σ but also on the particular embedding X . It is conjectured
that, under the conditions above, if we further assume that Rg ≥ −6 and H > 0
then
(1.9) 〈〈mBY (Σ, X), η〉〉 ≤ 0, η ∈ C
+,
for any isometric embedding X : Σ → H3. Moreover, equality should hold for
some η if and only if (Ω, g) is a domain in H3; see [ST2].
Remark 1.2. To see that (1.9) is the natural counterpart, in the hyperbolic setting,
of the celebrated result by Shi-Tam [ST1] on the positivity of the classical Brown-
York quasi-local mass mentioned above, let us take H3−κ2 , the hyperbolic space
with curvature −κ2, κ > 0, as the reference space for the isometric embedding of
Σ. Thus, the time component of (1.9) is nonnegative in case the conjecture holds
with Rg ≥ −6κ
2, which gives
ˆ
Σ
(H0 −H) coshκs dΣ ≥ 0,
where s is geodesic distance to the origin. If we send κ→ 0 then we get Euclidean
space R3 in the limit and the inequality becomes mBY (Σ) ≥ 0, where
mBY (Σ) =
1
8π
ˆ
Σ
(H0 −H)dΣ
is the standard Brown-York mass of Σ [BY]. This explains the connection between
the conjecture and Shi-Tam’s main result in [ST1] mentioned above. We also note
4 EZEQUIEL BARBOSA, LEVI LOPES DE LIMA, AND FREDERICOGIRA˜O
the emphasis on the requirement that (1.9) should hold for any isometric embed-
dingX : Σ→ H3, which reflects the fact that, unlike mBY (Σ), mBY (Σ, X) depends
on the particular embedding of Σ in the reference space.
In order to put our results below in their proper context, we now describe a
few partial results in the direction of confirming the conjecture. We start with the
following one, proved in [ST2], which improves [WY1, Theorem 1.4].
Theorem 1.2. [ST2] Let (Ω, g) be a compact 3-manifold whose boundary has positive
mean curvature H > 0. Assume also that Rg ≥ −6 and that the Gauss curvature of Σ
is larger than −1. Then there exists α > 1 depending only on the intrinsic geometry of Σ
such that the vector
(1.10) m(Σ, α) =
ˆ
Σ
(H −H0)XαdΣ, Xα = (x, αt)
satisfies
(1.11) 〈〈m(Σ, α), η〉〉 ≤ 0,
for any η ∈ C+. Moreover, equality holds for some η if and only if (Ω, g) is a domain in
H3.
Remark 1.3. It is shown in [ST2] that
α = cothR1 +
1
sinhR1
√
sinh2R2
sinh2R1
− 1,
where the image of Σ under the embedding is supposed to lie between geodesic
spheres of radius R1 < R2 centered at the origin. Thus, α → 1 if R1, R2 → +∞ in
such a way that 2R1 − R2 → +∞. We also note that Kwong [K] has generalized
Theorem 1.2 to any dimension n ≥ 3.
We now turn to a result by Kwong and Tam [KT]. For this we need to introduce
some further notation. For ǫ > 0 small enough we set Σǫ = ρ
−1(ǫ), where ρ is
the fixed defining function. For further reference, we then say that (Ωǫ,Σǫ) is a
coordinate exhaustion of (M, g) if Ωǫ is the compact domain such that ∂Ωǫ = Σǫ. It
is proved in [KT] that the Gauss curvature of Σǫ with the induced metric satisfies
K = sinh2 ǫ +O(ǫ5).
Thus, by Pogorelov’s result mentioned above, there exists an isometric embedding
Σǫ ⊂ H
3 for all ǫ > 0 small enough. The main result in [KT] says that by suitably
composing this embeddingwith an isometry, the resulting Brown-York quasi-local
mass vector converges to Wang’s mass Υ(M,g) as ǫ→ 0.
Theorem 1.3. [KT] Let (M, g) be an asymptotically hyperbolic manifold. Then for all
ǫ > 0 sufficiently small there exists an isometric embeddingX(ǫ) : Σǫ → H
3 such that
(1.12) lim
ǫ→0
mBY (Σǫ, X
(ǫ)) = Υ(M,g).
As already noticed in [KT], if we combine this with Theorem 1.1 it follows
that mBY (Σǫ, X
(ǫ)) is time-like and future directed for all ǫ > 0 small enough,
whenever (M, g) is not isometric to hyperbolic space. The main purpose of this
note is to show that this also holds true for any choice of isometric embeddings
Xǫ : Σǫ → H
3; see Theorem 1.5 below. In particular, this confirms that in a sense
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the hyperbolic Brown-York mass of a sufficiently large domain has the conjectured
causal character.
Theorem 1.4. If (Ωǫ,Σǫ) is any coordinate exhaustion of an asymptotically hyperbolic
3-manifold (M, g) satisfying Rg ≥ −6 then
(1.13) 〈〈lim
ǫ→0
mBY (Σǫ, Xǫ), η〉〉 ≤ 0, η ∈ C
+,
for any choice of isometric embeddings Xǫ : Σǫ → H
3. Moreover, the equality holds for
some η ∈ C+ only if (M, g) is isometric to hyperbolic space.
This immediately yields the following result; compare with [KT, Corollary 1.1].
Theorem 1.5. Let (Ωǫ,Σǫ) be a coordinate exhaustion of an asymptotically hyperbolic
3-manifold (M, g) satisfying Rg ≥ −6. Assume that (M, g) is not isometric to (H
3, g0).
Then, for any given choice of isometric embeddingsXǫ : Σǫ → H
3, the vectormBY (Σǫ, Xǫ)
is time-like and future directed for all ǫ > 0 small enough.
The results above actually follow from a Witten-type formula for the limit in
(1.13). As explained in Section 3, to each η ∈ C+ we can attach an imaginary
Killing spinor φ(η) on H3. By carefully identifying the two infinities and adapting
Witten’s method in the standard way [AD] [Wa] [CH] [WY1] we will be able to
find a Killing-harmonic spinor ψ(η) on M which asymptotes φ(η) at infinity in a
suitable manner. The above mentioned Witten-type formula is expressed in terms
of ψ(η) as follows.
Theorem 1.6. If (M, g) is an asymptotically hyperbolic manifold satisfying Rg ≥ −6
then
(1.14)
ˆ
M
(
|∇˜+ψ(η)|2 +
Rg + 6
4
|ψ(η)|2
)
dM = −4π〈〈lim
ǫ→0
mBY (Σǫ, Xǫ), η〉〉,
for any η ∈ C+ and any choice of isometric embeddingXǫ : Σǫ → H
3.
Here, ∇˜+ is the Killing connection acting on spinors; see (2.21).
Remark 1.4. If we take Xǫ = X
(ǫ), the Kwong-Tam normalized embeddings ap-
pearing in Theorem 1.3, then (1.14) yields
(1.15)
ˆ
M
(
|∇˜+ψ(η)|2 +
Rg + 6
4
|ψ(η)|2
)
dM = −4π〈〈Υ(M,g), η〉〉,
which is precisely the mass formula appearing in [Wa]; see also [CH]. Moreover,
in the spirit of Remark 1.2, we might consider time components and then send
κ → 0. Clearly, the limiting 3-manifold (M, g) is asymptotically flat and we will
eventually obtain
(1.16)
ˆ
M
(
|∇ψ|2 +
Rg
4
|ψ|2
)
dM = 4π lim
r→+∞
mBY (Σr),
where r is the asymptotic parameter labeling the coordinate spheres and ψ is a
harmonic spinor onM which approaches a parallel spinor of unit norm at infinity.
Since it is well-known [BY] [ST1] that the limit in the right-hand side equals the
ADMmass of (M, g)we thus obtainWitten’s celebrated formula for this mass [Wi].
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The results above are obtained by exploring the full power of Witten’s method,
which consists of finding a suitable spinor globally defined on M . If one is in-
terested, however, in merely obtaining the inequality in (1.13), this can be accom-
plished by appealing to the theory of boundary value problems for the Dirac op-
erators on compact domains. This approach is inspired on recent work by Hijazi,
Montiel and Raulot [HM] [HMRa].
We thus consider the vector-valued quantity
(1.17) m̂(Σ, X) =
1
8π
ˆ
Σ
H20 −H
2
H + 2
XdΣ,
where we assume that Σ is the (spherical) boundary of a compact 3-manifold with
mean curvature H > −2, Gauss curvature K > −1 and X : Σ → R3,1 is the
position vector of an isometric embedding Σ ⊂ H3 whose mean curvature is H0.
Theorem 1.7. Under these conditions, if we assume further thatH is constant then
(1.18) 〈〈m̂(Σ, X), η〉〉 ≤ 0, η ∈ C+,
for any isometric embeddingX : Σ→ H3. Moreover, equality holds if and only if Ω ⊂ H3
is a round ball.
A result by Neves and Tian [NT] says that any asymptotically hyperbolic man-
ifold satisfying trh0h > 0 has the property that a neighborhood of infinity can be
uniquely foliated by stable constant mean curvature surfaces. Moreover, a recent
result by Ambrozio [Am] implies that for any sufficiently small perturbation of an
anti-de-Sitter-Schwarzschild space of positive mass the Neves-Tian foliation can
be extend to a global foliation by constant mean curvature surfaces. This provides
examples of domains for which Theorem 1.7 and its generalization described in
Remark 3.1 below apply. But notice that, if compared with the main results in
[HM] [HMRa], m̂(Σ, X) has an obvious drawback, namely, it only has the expected
causal character under the rather stringent constant mean curvature condition on
Σ ⊂ Ω. Nevertheless, our next results show not only that m̂(Σ, X) has very nice
causal properties when evaluated on the asymptotic limit (Theorem 1.8) but also
that at infinity it captures the corresponding limit of the hyperbolic Brown-York
mass (Theorem 1.9).
Theorem 1.8. If (Ωǫ,Σǫ) is any coordinate exhaustion of an asymptotically hyperbolic
3-manifold (M, g) satisfying Rg ≥ −6 then
(1.19) 〈〈lim
ǫ→0
m̂(Σǫ, Xǫ), η〉〉 ≤ 0, η ∈ C
+,
for any choice of isometric embeddings Xǫ : Σǫ → H
3.
Theorem 1.9. If (Ωǫ,Σǫ) is any coordinate exhaustion of an asymptotically hyperbolic
3-manifold (M, g) then
(1.20) lim
ǫ→0
m̂(Σǫ, Xǫ) = lim
ǫ→0
mBY (Σǫ, Xǫ),
for any choice of isometric embeddings Xǫ : Σǫ → H
3. In particular, the mass inequality
(1.13) holds under the conditions of Theorem 1.4.
Notice that this approach does not give a proof of the rigidity statement in The-
orem 1.5. For this we need to apply alternative methods; see [BaW] or Theorem
1.4 above.
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Remark 1.5. Examples due to O´ Murchadha-Szabados-Tod [OST] show that the
classical Brown-York mass [BY] and its generalization by Kijowski [Ki] and Liu-
Yau [LY], which use R3 as the reference space for the isometric embedding of the
boundary, might be strictly positive even when the surface lies in R3,1, a result
that clearly contradicts physical intuition. As confirmed by recent breakthroughs
by Chen, Wang and Yau [WY2] [WY3] [CWY], it turns out that a much more satis-
factory definition of quasi-local mass should use the full space-time R3,1 as refer-
ence space. Besides having many other interesting properties, this new quasi-local
mass vanishes for any admissible surface lying in R3,1. We would like to point
out, however, that in the special but important time-symmetric case treated in this
paper, the Brown-York mass and its hyperbolic version (1.8) still provide rigidity
results consistent with physical expectation, as illustrated by the various results
described in this Introduction.
This paper is organized as follows. In Section 2 and Appendix A we review the
results on Dirac operators used throughout the text. This is applied to prove a sort
of holographic principle for imaginary Killing spinors on domains whose scalar
curvature is bounded from below by a negative constant (Proposition 2.3), which
is the main ingredient in the proofs of Theorems 1.7, 1.8 and 1.9 in Section 4. The
proofs of Theorems 1.4, 1.5 and 1.6 also makes use of this spin machinery and are
included in Section 3.
2. DIRAC OPERATORS ON 3-MANIFOLDS WITH BOUNDARY
In this section we review the results in the theory of Dirac operators on 3-
manifolds needed in the rest of the paper. The reader will find more detailed
presentations of this preparatory material in [BFGK], [F], [HMR1], [HMR2], [HM]
and [HMZ]. Even though much of the discussion below holds in any dimension,
we will restrict ourselves to the physically relevant case n = 3.
We consider an orientable 3-manifold Ω endowed with a Riemannian metric g.
It is well-known that such a manifold is automatically spin, which allows us to
fix once and for all a spin structure on TΩ. We denote by SΩ the associated spin
bundle and by∇ both the Levi-Civita connection of TΩ and its lift to SΩ.
If γ : TΩ × SΩ → SΩ is the Clifford product, we define the Killing connections
acting on a spinor ψ ∈ Γ(SM) by
(2.21) ∇˜±Xψ = ∇Xψ ±
i
2
γ(X)ψ,
so that a spinor is parallel with respect to ∇˜ if and only if, by definition, it is an
imaginary Killing spinor; see [BFGK]. The corresponding Killing-Dirac operators are
defined in the standard way, namely,
(2.22) D˜±ψ =
3∑
i=1
γ(ei)∇˜
±
eiψ,
so that
(2.23) D˜± = D ∓
3i
2
,
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where
Dψ =
3∑
i=1
γ(ei)∇eiψ
is the standard Dirac operator. We say that a spinor ψ is Killing-harmonic if it satis-
fies any of the linear equations D˜±ψ = 0.
Given a spinor ψ we set
ω˜±(X) = −〈W˜±(X)ψ, ψ〉, X ∈ Γ(TΩ),
where
W˜±(X) = −(∇˜±X + γ(X)D˜
±).
We easily compute that
div ω˜± = |∇˜±ψ|2 − |D˜±ψ|2 +
Rg + 6
4
|ψ|2,
so if Ω is compact with a nonempty boundary Σ, which we assume oriented by
its inward pointing unit normal ν, then integration by parts yields the integral
version of the fundamental Lichnerowicz formula, namely,
(2.24)
ˆ
Ω
(
|∇˜±ψ|2 − |D˜±ψ|2 +
Rg + 6
4
|ψ|2
)
dΩ = Re
ˆ
Σ
〈
W˜±(ν)ψ, ψ
〉
dΣ.
A key step in our argument is to rewrite the right-hand side of (2.24) in terms
of the geometry of Σ. First note that Σ carries the spin bundle SΩ|Σ, obtained by
restricting SΩ to Σ. This becomes a Dirac bundle if its Clifford product is
γ⊺(X)ψ = γ(X)γ(ν)ψ, X ∈ Γ(TΣ), ψ ∈ Γ(SΩ|Σ),
and its connection is
(2.25) ∇⊺Xψ = ∇Xψ −
1
2
γ⊺(AX)ψ,
where A = −∇ν is the shape operator of Σ. The corresponding Dirac operator
D⊺ : Γ(SΩ|Σ)→ Γ(SΩ|Σ) is
D⊺ψ =
3∑
j=1
γ⊺(fj)∇
⊺
fj
ψ,
where {fj}
2
j=1 is a local orthonormal tangent frame to Σ. Imposing that Afj =
κjfj , where κj are the principal curvatures of Σ, we have
(2.26) D⊺ψ = −γ(ν)Dψ +
H
2
ψ,
whereH = κ1 + κ2 is the mean curvature and
(2.27) D = γ(ν)
(
D⊺ −
H
2
)
=
2∑
j=1
γ(fj)∇fjψ.
Since D = D − γ(ν)∇ν , we obtain
(2.28) D⊺ψ =
H
2
ψ − (∇ν + γ(ν)D)ψ.
We now observe that since the unit normal field ν provides an orientation for
the normal bundle of Σ, TΣ carries a preferred spin structure with spin bundle
SΣ. As usual we denote by ∇Σ both the Levi-Civita connection on TΣ and its lift
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to SΣ. In particular, Σ has an intrinsic Dirac operatorDΣ : Γ(SΣ)→ Γ(SΣ) defined
by
DΣϕ =
2∑
j=1
γΣ(fj)∇
Σ
fjϕ,
where γΣ : TΣ×SΣ→ SΣ is the Clifford product. It turns out that the embedding
Σ ⊂ Ω induces natural identifications SΩ|Σ = SΣ, ∇
⊺ = ∇Σ and γ⊺ = γΣ, so that
(2.29) D⊺ = DΣ,
and by (2.28), (2.24) becomes
(2.30)
ˆ
Ω
(
|∇˜±ψ|2 − |D˜±ψ|2 +
Rg + 6
4
|ψ|2
)
dΩ =
ˆ
Σ
(
〈D˜Σ±ψ, ψ〉 −
H
2
|ψ|2
)
dΣ,
where
(2.31) D˜Σ± = D
Σ ± iγ(ν) : Γ(SΣ)→ Γ(SΣ).
By Cauchy-Schwarz, we have |D˜±ψ|2 ≤ 3|∇˜±ψ|2, so that
(2.32)
ˆ
Σ
(
〈D˜Σ±ψ, ψ〉 −
H
2
|ψ|2
)
dΣ ≥
ˆ
Ω
(
−
2
3
|D˜±ψ|2 +
Rg + 6
4
|ψ|2
)
dΩ,
with the equality occurring if and only if ψ is a twistor spinor, i.e.
(2.33) ∇Xψ +
1
3
γ(X)Dψ = 0.
From this we immediately obtain an useful integral inequality for compact do-
mains whose scalar curvature is bounded from below by a negative constant.
Proposition 2.1. [HMR2] If (Ω, g) satisfies Rg ≥ −6 then
(2.34)
ˆ
Σ
(
〈D˜Σ±ψ, ψ〉 −
H
2
|ψ|2
)
dΣ ≥ −
2
3
ˆ
Ω
∣∣∣D˜±ψ∣∣∣2 dΩ,
with the equality occurring if and only if ψ is a twistor spinor and Rg ≡ −6.
We use this for a Killing-harmonic spinor obtained by solving a suitable bound-
ary value problem. To explain this we observe that iγ(ν) : SΣ → SΣ is a (point-
wise) self-adjoint involution. We thus consider the corresponding projection oper-
ators
P± =
1
2
(IdSΣ ± iγ(ν))
onto the eigenbundles of iγ(ν). For any φ ∈ Γ(SΣ) we set φ± = P±φ, so that
φ = φ+ + φ−,
a pointwise orthogonal decomposition. Also, since D⊺γ(ν) = −γ(ν)D⊺ we have
DΣP± = P∓D
Σ and hence
(2.35) 〈DΣφ, φ〉 = 〈DΣφ+, φ−〉+ 〈D
Σφ−, φ+〉.
In particular,
(2.36) 〈DΣφ+, φ+〉 = 〈D
Σφ−, φ−〉 = 0.
Upon integration of (2.35) we find that
(2.37)
ˆ
Σ
〈DΣφ, φ〉dΣ = 2
ˆ
Σ
〈DΣφ+, φ−〉dΣ.
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Finally, it is easy to see that
(2.38) |DΣφ|2 = |DΣφ+|
2 + |DΣφ−|
2.
It turns out that the projections P± define local elliptic boundary conditions
for D˜±, as the following result shows. These are the so-called MIT bag boundary
conditions.
Proposition 2.2. Let (Ω, g) be as above with Rg ≥ −6 and H > −2. Then, for any
φ ∈ Γ(SΣ), the boundary value problem{
D˜±ψ± = 0 onΩ
ψ±± = φ± onΣ
has a unique smooth solution ψ± ∈ Γ(SΩ).
A proof of this proposition can be found in A. Rolda´n’s doctoral thesis [R]. For
convenience we reproduce the argument in the Appendix.
We now show how this theory yields a nice inequality for arbitrary spinors
on Σ involving the mean curvature. This is a kind of holographic principle for
imaginary Killing spinors and is obviously inspired on [HM, Proposition 9]; see
also [HMRa].
Proposition 2.3. Let (Ω, g) be a compact oriented (and hence spin) 3-manifold with
boundary Σ. Assume that Rg ≥ −6 andH > −2. Then there holds
(2.39)
ˆ
Σ
(
|DΣφ|2
H + 2
−
H − 2
4
|φ|2
)
dΣ ≥ 0,
for any φ ∈ Γ(SΣ). Moreover, equality holds if and only if there exist imaginary Killing
spinors ψ± ∈ Γ(SΩ) such that ψ±± = φ± along Σ.
Proof. Given φ ∈ Γ(SΩ|Σ), we take ψ
+ ∈ Γ(SΩ) as in Proposition 2.2. It follows
from (2.34) that
(2.40)
ˆ
Σ
(
〈D˜Σ−ψ
+, ψ+〉 −
H
2
|ψ+|2
)
dΣ ≥ 0.
Now,
〈D˜Σψ+, ψ+〉 = 〈DΣψ+, ψ+〉+ |ψ++ |
2 − |ψ+−|
2,
so that (2.37) gives
(2.41)
ˆ
Σ
(
2〈DΣψ++ , ψ
+
−〉 −
(
H
2
− 1
)
|ψ++ |
2 −
(
H
2
+ 1
)
|ψ+−|
2
)
dΣ ≥ 0.
SinceH > −2we can use the elementary estimate
0 ≤
∣∣∣∣∣∣ D
Σψ++√
H
2 + 1
−
√
H
2
+ 1ψ+−
∣∣∣∣∣∣
2
=
|DΣψ++ |
2
H
2 + 1
− 2〈DΣψ++ , ψ
+
−〉+
(
H
2
+ 1
)
|ψ+−|
2,
and leading this to (2.41) we obtain
(2.42)
ˆ
Σ
(
|DΣψ++ |
2
H + 2
−
H − 2
4
|ψ++ |
2
)
dΣ ≥ 0.
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On the other hand, if φ ∈ Γ(SΩ|Σ) is the same spinor as above, we take ψ
− ∈
Γ(SΩ) as in Proposition 2.2. It follows from (2.34) thatˆ
Σ
(
〈D˜Σ+ψ
−, ψ−〉 −
H
2
|ψ−|2
)
dΣ ≥ 0.
We thus get the analogue of (2.41), namely,
(2.43)
ˆ
Σ
(
2〈DΣψ−+ , ψ
−
−〉 −
(
H
2
− 1
)
|ψ−− |
2 −
(
H
2
+ 1
)
|ψ−+ |
2
)
dΣ ≥ 0.
We can again estimate
0 ≤
∣∣∣∣∣∣ D
Σψ−−√
H
2 + 1
−
√
H
2
+ 1ψ−+
∣∣∣∣∣∣
2
=
|DΣψ−− |
2
H
2 + 1
− 2〈DΣψ−− , ψ
−
+〉+
(
H
2
+ 1
)
|ψ−+ |
2,
and leading this to (2.43) we obtain
(2.44)
ˆ
Σ
(
|DΣψ−− |
2
H + 2
−
H − 2
4
|ψ−− |
2
)
dΣ ≥ 0.
Adding (2.42) to (2.44) and using (2.38) and the boundary conditions, (2.39) fol-
lows.
If equality holds in (2.42) then it also holds in (2.40). By Proposition 2.1, the
Killing-harmonic spinor ψ+ is a twistor spinor as well. Thus, ψ+ is an imaginary
Killing spinor, as desired. Since an entirely similar argument handles the case of
equality in (2.44), this completes the proof of the proposition. 
3. THE PROOFS OF THEOREMS 1.4, 1.5 AND 1.6
For simplicity of notation in this section we write ∇˜ = ∇˜+ for the Killing con-
nection and consistently drop the plus sign in the rest of the notation.
We start the proof of Theorems 1.4, 1.5 and 1.6 by recalling that φˆ ∈ Γ(SH3) is
called an imaginary Killing spinor if it satisfies
(3.45) ∇0X φˆ+
i
2
γ0(X)φˆ = 0, X ∈ Γ(TH3),
where the label 0 refers to invariants associated to H3 and its spin bundle.
Lemma 3.1. If φˆ ∈ Γ(SH3) is an imaginary Killing spinor then
(3.46) Hess0|φˆ|2 = |φˆ|2g0
and
(3.47) |∇0|φˆ|2|2 = −
3∑
i=1
〈γ0(e˜i)φˆ, φˆ〉
2,
where {e˜i}
3
i=1 is a local orthonormal tangent frame. Moreover, if γ : [0,+∞) → H
3 is a
normal geodesic then u = |φˆ|2 ◦ γ is given by
(3.48) u(t) = Aet +Be−t, A,B ∈ R.
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Proof. If X,Y ∈ Γ(TH3) then direct computations give
(3.49) X |φˆ|2 = −i〈γ0(X)φˆ, φˆ〉,
and
(3.50) XY |φˆ|2 = −i〈γ0(∇0XY )φˆ, φˆ〉+ 〈X,Y 〉|φˆ|
2.
From this, (3.46) and (3.47) follow easily. It also follows from (3.50) that u′′ = u,
which proves (3.48). 
For further reference we note that if hǫ = g|Σǫ then (1.1) and (1.2) give
(3.51) hǫ = ǫ
−2h0 +O(1),
so that
(3.52) dΣǫ = (ǫ
−2 +O(1))dµh0 .
Moreover, (3.48) implies
(3.53) |φˆ|2 = O(ǫ−1),
We also need an explicit description of imaginary Killing spinors on H3. With
respect to a suitable trivialization SH3 = H3 × C2, the expression
φ(z) =
 (z1e i2ϑ cos θ2 + z2e− i2ϑ sin θ2) e r2
−
(
z1e
i
2
ϑ sin θ2 − z2e
− i
2
ϑ cos θ2
)
e−
r
2
 , z = (z1, z2) ∈ C2,
defines an imaginary Killing spinors in H3, whereX = (r, θ, ϑ) is the position vec-
tor expressed in standard polar coordinates [WY1] [Z]. A straightforward compu-
tation gives
(3.54) |φ(z)|2 = −〈〈X, η(z)〉〉,
where
η(z) = (−(|z1|
2 − |z2|
2),−(z1z2 + z1z2),−i(z1z2 − z1z2), |z1|
2 + |z2|
2).
It is easy to see that η maps S3 = {(z ∈ C2; |z| = 1} onto S2 = C+ ∩ {t = 1}. In fact,
η|S3 is just the Hopf map. Thus, η maps C
2 onto C+.
With these preliminaries at hand, we finally start the proof of Theorem 1.6.
For η ∈ C+ we choose z ∈ C2 so that η(z) = η. The usual adaptation of Wit-
ten’s method [AD] [CH] [Wa] [WY1] leads to the existence of a non-trivial Killing-
harmonic spinor ψ(η) ∈ Γ(SM), D˜+ψ(η) = 0, which asymptotes the imaginary
Killing spinor φ(z) ∈ Γ(SH3) after a suitable identification of the two infinities.
More precisely, in a neighborhood U of the conformal infinity we consider the
background hyperbolic metric
g0 = sinh
−2 ρ(dρ2 + h0),
and the gauge transformation B given by
g(BX,BY ) = g0(X,Y ), g(BX,Y ) = g(X,BY ), X, Y ∈ Γ(TU).
We find from (1.3) that
(3.55) |B − I|+ |∇0B| = O(ǫ3).
Also, B defines a fiberwise isometry between the spin bundles on U endowed with
the metric structures coming from g0 and g. Thus, if f is a cut-off function on M
ON THE BROWN-YORK QUASI-LOCAL MASS 13
with f ≡ 1 in a neighborhood of infinity and φ is a spinor on U , fBφ defines a
spinor on M , denoted by φ∗. If we apply this construction to φ = φ
(z) then a
well-known computation gives
|∇˜φ
(z)
∗ | ≤ C
(
|B−1||B − I|+ |∇0B|
)
|φ
(z)
∗ | = O(ǫ
5/2),
so that ∇˜φ
(z)
∗ ∈ L
2(SM) and hence D˜φ
(z)
∗ ∈ L
2(SM). A standard argument then
implies the existence of a spinor ξ ∈ H1(SM) satisfying D˜ξ = −D˜φ
(z)
∗ . Thus,
ψ(η) = φ
(z)
∗ + ξ is Killing-harmonic and asymptotes φ
(z)
∗ at infinity in the sense that
ψ(η) − φ
(z)
∗ ∈ L
2(SM). With this spinor at hand we may apply (2.30) to obtain
ˆ
M
(
|∇˜ψ(η)|2 +
Rg + 6
4
|ψ(η)|2
)
dM = lim
ǫ→0
ˆ
Σǫ
(
〈D˜Σǫψ, ψ〉 −
H
2
|ψ|2
)
dΣǫ
= lim
ǫ→0
ˆ
Σǫ
(
〈D˜Σǫφ
(z)
∗ , φ
(z)
∗ 〉 −
H
2
|φ
(z)
∗ |
2
)
dΣǫ
= lim
ǫ→0
ˆ
Σǫ
(
〈D˜Σǫφ
(z)
∗ , φ
(z)
∗ 〉 −
H0
2
|φ
(z)
∗ |
2
)
dΣǫ
+ lim
ǫ→0
1
2
ˆ
Σǫ
(H0 −H) |φ
(z)
∗ |
2dΣǫ,
where in the second step we used that standard cancellations imply that in the
limit the boundary term only captures the contribution coming from the terms
which are quadratic in φ
(z)
∗ .
Recalling that the label 0 refers to invariants of g0 and its spin bundle we note
that W˜0 = −(∇˜0ν0 + γ
0(ν0)D˜0), where ν
0 is the inward point unit normal to Σǫ ⊂
H3, is self-adjoint (in the L2 sense) when acting on spinors restricted to Σǫ. Thus,
since φ
(z)
∗ = Bφ
(z) = φ(z) +Kφ(z), |K| = O(ǫ3), we have
ˆ
Σǫ
(
〈D˜Σǫφ
(z)
∗ , φ
(z)
∗ 〉 −
H0
2
|φ
(z)
∗ |
2
)
dΣǫ = Re
ˆ
Σǫ
〈
W˜0φ
(z)
∗ , φ
(z)
∗
〉
dΣǫ
= Re
ˆ
Σǫ
〈
W˜0Bφ(z),Bφ(z)
〉
dΣǫ
= Re
ˆ
Σǫ
〈
Bφ(z), W˜0φ(z)
〉
dΣǫ
+Re
ˆ
Σǫ
〈
W˜0Bφ(z),Kφ(z)
〉
dΣǫ.
But W˜0φ(z) = 0 while by (3.55) we have |W˜0B| = O(ǫ3), so we find that the above
integral is O(ǫ3), which gives
ˆ
M
(
|∇˜ψ(η)|2 +
Rg + 6
4
|ψ(η)|2
)
dM = lim
ǫ→0
1
2
ˆ
Σǫ
(H0 −H) |φ
(z)|2dΣǫ,
where we used that |φ
(z)
∗ | = |φ(z)|. If we now appeal to (3.54) this proves (1.14)
and completes the proof of Theorem 1.6.
It is obvious that (1.14) implies the inequality (1.13) in Theorem 1.4 if Rg ≥ −6.
As for the rigidity statement, if the equality holds for some η then from (1.14) we
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get ˆ
M
|∇˜ψ(η)|2dM ≤ 0,
that is, ψ(η) is an imaginary Killing spinor. A well-known result by Baum [BFGK]
[AD] then implies that (M, g) is isometric to (H3, g0), as desired.
Remark 3.1. If we assume that (M, g) carries a compact inner boundary Γ then
instead of (1.14) we now have
ˆ
M
(
|∇˜+ψ(η)|2 +
Rg + 6
4
|ψ(η)|2
)
dM = −4π〈〈lim
ǫ→0
mBY (Σǫ, Xǫ), η〉〉
+
ˆ
Γ
〈(
D˜Γ+ −
H
2
)
ψ(η), ψ(η)
〉
dΓ,
where H is the mean curvature of Γ with respect to νΓ, the unit normal pointing
toward infinity, and D˜Γ+ = D
Γ + iγ(νΓ). By [BC] we may choose ψ
(η) so that it
satisfies the MIT bag boundary condition iγ(νΓ)ψ
(η) = −ψ(η) along Γ. Hence, by
(2.36),
ˆ
M
(
|∇˜+ψ(η)|2 +
Rg + 6
4
|ψ(η)|2
)
dM = −4π〈〈lim
ǫ→0
mBY (Σǫ, Xǫ), η〉〉
−
ˆ
Γ
(
H + 2
2
)
|ψ(η)|2dΓ.
Thus, if Rg ≥ −6 and H ≥ −2we see that
〈〈lim
ǫ→0
mBY (Σǫ, Xǫ), η〉〉 ≤ 0, η ∈ C
+,
just as in Theorem 1.4. Moreover, if the equality holds for some η then ψ(η) is
an imaginary Killing spinor and hence (M, g) is Einstein, Ricg = −2g. Moreover,
there holds H ≡ −2 so if we use that by (4.60) the mean curvature of the co-
ordinate spheres Σǫ, computed with respect to the unit normal pointing toward
infinity, converges to −2 as ǫ → 0 and argue as in the proof of [CH, Theorem
4.7] we easily reach a contradiction. This shows that under the conditions of The-
orem 1.4 and in the presence of an inner boundary Γ as above we always have
that limǫ→0mBY (Σǫ, Xǫ) is time-like and future directed. In other words, this type
of trapped inner boundary which, under suitable global conditions, foretells the
existence of a black hole region in the Cauchy development of (M, g), effectively
contributes to force this vector to be time-like. This clearly suggests that a Penrose-
type inequality might hold in this setting. Notice also that a similar statement
holds in the context of Theorem 1.7. We thank L. Ambrozio for enlightening con-
versations regarding this interesting sharpening of our results.
4. THE PROOFS OF THEOREMS 1.7, 1.8 AND 1.9
In this section we present the proofs of Theorems 1.7, 1.8 and 1.9. As remarked
in the Introduction, these results only depend on the theory of boundary value
problems for Dirac operators in compact domains as described in Section 2 and
Appendix A.
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Proposition 4.1. Let (Ω, g) be a compact 3-manifold with boundary a sphereΣ satisfying
K > −1 andH > −2. Then there holds
(4.56)
ˆ
Σ
H20 −H
2
H + 2
|φˆ|2dΣ + 4
ˆ
Σ
∆Σ|φˆ|
2
H + 2
dΣ ≥ 0,
for any imaginary Killing spinor φˆ ∈ Γ(SH3), where H0 is the mean curvature of the
embedding Σ ⊂ H3. Moreover, equality holds if and only if the shape operators of the
embeddings Σ ⊂ Ω and Σ ⊂ H3 coincide.
Proof. Since Σ is topologically a sphere, it carries a unique spin structure. This
allows us to take φ = φˆ in (2.39). It follows from (2.26) and (2.27) that
DΣφˆ =
H0
2
φˆ− iγ0(ν0)φˆ,
which gives
|DΣφˆ|2 =
(
H20
4
+ 1
)
|φˆ|2 −H0〈iγ
0(ν0)φˆ, φˆ〉
=
(
H20
4
+ 1
)
|φˆ|2 + 2H0〈∇
0
ν0 φˆ, φˆ〉
=
(
H20
4
+ 1
)
|φˆ|2 +H0ν
0(|φˆ|2).
Now, it follows easily from (3.46) that the restriction of |φˆ|2 to Σ satisfies the
Minkowski-type identity
∆Σ|φˆ|
2 = 2|φˆ|2 +H0ν
0(|φˆ|2),
so we get
(4.57) |DΣφˆ|2 =
(
H20
4
− 1
)
|φˆ|2 +∆Σ|φˆ|
2,
which proves (4.56). The rigidity statement follows essentially by the same argu-
ment as in the proof of [HM, Theorem 2], so we omit it here. 
Under the conditions of Theorem 1.7, the second integral in (4.56) vanishes so
we obtain
(4.58)
ˆ
Σ
H20 −H
2
H + 2
|φˆ|2dΣ ≥ 0,
with the equality occurring if and only if Ω ⊂ H3 is a domain whose boundary has
constant mean curvature, i.e. Ω is a round ball. Since, as remarked in the previous
section, η maps C2 onto C+, we can use (4.58) with φˆ = φ(z) and (3.54) to conclude
the proof of Theorem 1.7.
We now show how Theorems 1.8 and 1.9 follow from two auxiliary results de-
scribing the asymptotic behavior of the terms in the left-hand side of (4.56) along
a coordinate exhaustion of an asymptotically hyperbolic manifold.
Proposition 4.2. If (Ωǫ,Σǫ) is a coordinate exhaustion of an asymptotically hyperbolic
manifold then
(4.59) lim
ǫ→0
ˆ
Σǫ
H20 −H
2
H + 2
|φˆ|2dΣǫ = lim
ǫ→0
ˆ
Σǫ
(H0 −H)|φˆ|
2dΣǫ,
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for any imaginary Killing spinor φˆ ∈ Γ(SH3).
Proof. It is shown in [KT] that
(4.60) H = 2 cosh ǫ−
ǫ3
2
trh0h+O(ǫ
4) = 2 + ǫ2 −
ǫ3
2
trh0h+O(ǫ
4)
and
(4.61) H0 = 2 cosh ǫ+O(ǫ
5) = 2 + ǫ2 + o(ǫ4).
This readily gives
H0 + 2
H + 2
= 1 +O(ǫ3),
so that
(4.62)
ˆ
Σǫ
H20 −H
2
H + 2
|φˆ|2dΣǫ =
ˆ
Σǫ
(H0 −H)|φˆ|
2dΣǫ +
ˆ
Σǫ
O(ǫ5)|φˆ|2dΣǫ.
From (3.52) and (3.53) we haveˆ
Σǫ
O(ǫ5)|φˆ|2dΣǫ = O(ǫ
2),
so that (4.59) follows from (4.62). 
Proposition 4.3. If (Ωǫ,Σǫ) is a coordinate exhaustion of an asymptotically hyperbolic
manifold then
(4.63) lim
ǫ→0
ˆ
Σǫ
∆Σǫ |φˆ|
2
H + 2
dΣǫ = 0,
for any imaginary Killing spinor φˆ ∈ Γ(SH3).
Proof. It follows from (4.61) that
1
H + 2
=
1
4
−
ǫ2
16
+
ǫ3
32
trh0h+O(ǫ
4),
which gives
(4.64)
ˆ
Σǫ
∆Σǫ |φˆ|
2
H + 2
dΣǫ =
ǫ3
32
ˆ
Σǫ
trh0h∆Σǫ |φˆ|
2dΣǫ +
ˆ
Σǫ
O(ǫ4)∆Σǫ |φˆ|
2dΣǫ.
Using (3.51) and (3.53) we obtain ∆Σǫ |φˆ|
2 = ǫ2∆h0 |φˆ|
2 + O(ǫ2). Combining this
with (3.52) and (3.53) we getˆ
Σǫ
trh0h∆Σǫ |φˆ|
2dΣǫ =
ˆ
S2
trh0h∆h0 |φˆ|
2dµh0 +O(1)
= −
ˆ
S2
〈∇h0trh0h,∇h0 |φˆ|
2〉dµh0 +O(1).
On the other hand, by (3.47) we also have
|∇h0 |φˆ|
2| = ǫ−1|∇Σǫ |φˆ|
2|+O(ǫ−2)
≤ ǫ−1|∇0|φˆ|2|+O(ǫ−2)
= O(ǫ−2),
so that, by Cauchy-Schwarz, the first term in the right-hand side of (4.64) isO(ǫ). A
similar argument shows that the second one is O(ǫ2), so the assertion follows. 
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APPENDIX A. THE PROOF OF PROPOSITION 2.2
In this appendix we reproduce the argument in [R] leading to the proof of
Proposition 2.2. We start by recalling the integration by parts formula for the Dirac
operator D of a compact, spin 3-manifold (Ω, g) with boundary Σ oriented by its
inward unit vector ν:
(A.65)
ˆ
Ω
〈Dϕ,ψ〉dM −
ˆ
Ω
〈ϕ,Dψ〉dM = −
ˆ
Σ
〈γ(ν)φ, ψ〉dΣ, ϕ, ψ ∈ Γ(SΩ).
Lemma A.1. Under the conditions above, the adjoint operator (in the L2 sense) of the
operator D˜± with domain
dom D˜± = {ψ ∈ Γ(SΩ);ψ∓ = 0 onΣ} ,
is the operator D˜∓ with domain
dom D˜∓ = {ψ ∈ Γ(SΩ);ψ± = 0 onΣ} .
Proof. Take ϕ ∈ dom D˜± and ψ ∈ Γ(SΩ). From (A.65) we haveˆ
Ω
〈D˜±ϕ, ψ〉dM −
ˆ
Ω
〈ϕ, D˜∓ψ〉dM = −
ˆ
Σ
〈γ(ν)ϕ, ψ〉dΣ = ∓
ˆ
Σ
〈iϕ, ψ〉dΣ,
so if ϕ varies over the space of spinors vanishing on Σ, we see that
(D˜±)∗ψ = D˜∓ψ, ψ ∈ dom D˜±.
As a consequence,
´
Σ
〈iϕ, ψ〉dΣ = 0 for any ϕ ∈ Γ(SΩ) with ϕ∓ = 0, which gives
ψ± = 0, as desired. 
Lemma A.2. If Rg ≥ −6 andH ≥ −2 then at least one of the following assertions holds
true:
(1) The homogeneous boundary value problem{
D˜±ψ = 0 onΩ
ψ± = 0 onΣ
has no nontrivial solution;
(2) There exists a nontrivial imaginary Killing spinor on Ω andH ≡ −2 on Σ.
Proof. If ψ is a nontrivial solution of the boundary value problem then from (2.34)
we obtain
(A.66)
ˆ
Σ
(
〈D˜Σ±ψ, ψ〉 −
H
2
|ψ|2
)
dΣ ≥ 0.
But the boundary condition clearly impliesˆ
Σ
〈D˜Σ±ψ, ψ〉dΣ = −
ˆ
Σ
|ψ∓|
2dΣ,
that is, equality holds in (A.66). In this case, Rg ≡ −6 and ψ is a twistor spinor on
Ω. Since ψ is also an eigenvector of D, we conclude that ψ is in fact an imaginary
Killing spinor. It is well-known that ψ has no zeros [BFGK] and this implies that
H ≡ −2 along Σ. 
Lemma A.3. If Rg ≥ −6 andH ≥ −2 then at least one of the following assertions holds
true:
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(1) The nonhomogeneous boundary value problem{
D˜±ψ = 0 onΩ
ψ± = φ± onΣ
has a unique solution for each φ ∈ Γ(SΣ);
(2) There exists a nontrivial imaginary Killing spinor on Ω andH ≡ −2 on Σ.
Proof. Ellipticity of D˜± implies that its realization under the given boundary value
conditions is Fredholm [BoW, Chapter 19]. If the first item in the previous lemma
holds then
ker(D˜±, P±) = {0},
so that
coker (D˜±, P±)
∗ = {0}.
By Lemma A.1, this means that
coker (D˜∓, P∓) = {0},
that is, the first item in the lemma holds. 
Proposition 2.2 is an immediate consequence of Lemma A.3.
REFERENCES
[Am] Ambrozio, L. C., On perturbations of the Anti-de Sitter-Schwarzschild
spaces of positive mass, arXiv:1402.4317.
[ACG] Andersson, L., Cai, M., Galloway, G. J., Rigidity and positivity of mass
for asymptotically hyperbolic manifolds,Ann. Henri Poincare´ 9 (2008), no.
1, 1-33.
[AD] Andersson, L., Dahl, M, Scalar curvature rigidity for asymptotically lo-
cally hyperbolic manifolds. Ann. Global Anal. Geom. 16 (1998), no. 1, 1-27.
[B] Bartnik, R., The mass of an asymptotically flat manifold. Comm. Pure
Appl. Math. 39 (1986), no. 5, 661-693.
[BC] Bartnik, R., Chrus´ciel, P. T., Boundary value problems for Dirac-type
equations. J. Reine Angew. Math. 579 (2005), 13-73.
[BFGK] Baum, H., Friedrich, T., Grunewald, R., Kath, I., Twistors and Killing
spinors on Riemannian manifolds. Teubner Texts in Mathematics, 124.
Stuttgart, 1991.
[BaW] Balehowsky, T., Woolgar, E., The Ricci flow of asymptotically hyperbolic
mass and applications, J. Math. Phys. 53, 072501 (2012).
[BoW] Boos-Bavnbek, B., Wojciechowski, K., Elliptic boundary problems for Dirac
operators, Birkha¨user Boston, 1993.
[BY] Brown, D. J., York, J. W., Quasilocal energy and conserved charges de-
rived from the gravitational action. Phys. Rev. D (3) 47 (1993), no. 4, 1407-
1419.
[CWY] Chen, P.-N, Wang, M.-T., Yau, S.-T., Conserved quantities in general rel-
ativity: from the quasi-local level to spatial infinity, arXiv:1312.0985.
[CH] Chrus´ciel, P. T., Herzlich, M., The mass of asymptotically hyperbolic Rie-
mannian manifolds. Pacific J. Math. 212 (2003), no. 2, 231-264.
[DGS] Dahl, M., Gicquaud, R., Sakovich, A., Penrose type inequalities for
asymptotically hyperbolic graphs, arXiv:1201.3321.
ON THE BROWN-YORK QUASI-LOCAL MASS 19
[dLG1] de Lima, L. L., Gira˜o, F., Positive mass and Penrose type inequalities for
asymptotically hyperbolic hypersurfaces, arXiv:1201.4991.
[dLG2] de Lima, L. L., Gira˜o, F., An Alexandrov-Fenchel-type inequality
in hyperbolic space with an application to a Penrose inequality,
arXiv:1209.0438.
[F] Friedrich, T., Dirac operators in Riemannian geometry. American Mathe-
matical Society, Providence, RI, 2000.
[HE] Hawking, S. W., Ellis, G. F. R., The large scale structure of space-time. Cam-
bridge Monographs on Mathematical Physics, No. 1. Cambridge Univer-
sity Press, London-New York, 1973.
[H] Herzlich, M., Mass formulae for asymptotically hyperbolic manifolds.
AdS/CFT correspondence: Einstein metrics and their conformal boundaries,
Zr¨ich, 2005.
[HM] Hijazi, O., Montiel, S., A holographic principle for the existence of par-
allel spinors and an inequality of Shi-Tam’s type, to appear in Asian J, of
Math.
[HMRa] Hijazi, O., Montiel, S,. Raulot, S., A holographic principle for the exis-
tence of imaginary Killing spinors, preprint.
[HMR1] Hijazi, O., Montiel, S., Rolda´n, A., Eigenvalue boundary problems for
the Dirac operator. Comm. Math. Phys. 231 (2002), no. 3, 375-390.
[HMR2] Hijazi, O., Montiel, O., Rolda´n, A., Dirac operators on hypersurfaces
of manifolds with negative scalar curvature. Ann. Global Anal. Geom. 23
(2003), no. 3, 247-264.
[HMZ] Hijazi, O., Montiel, S., Zhang, X., Dirac operator on embedded hypersur-
faces,Math. Res. Lett. 8 (2001) 195-208.
[Ki] Kijowski, J., A simple derivation of canonical structure and quasi-local
Hamiltonians in general relativity. Gen. Relativity Gravitation 29 (1997),
no. 3, 307343.
[K] Kwong, K.-K., On the positivity of a quasi-local mass in general dimen-
sions, arXiv:1207.7333, to appear in Communications in Analysis andGe-
ometry.
[KT] Kwong, K.-K., Tam, L.-F., Limit of quasilocal mass integrals in asymptot-
ically hyperbolic manifolds. Proc. Amer. Math. Soc. 141 (2013), no. 1,
[LY] Liu, C.-C., Yau, S.-T., Positivity of quasilocal mass. Phys. Rev. Lett. 90
(2003), no. 23, 231102, 4 pp.
[MP] Mazzeo, R., Pacard, M., Constant curvature foliations in asymptotically
hyperbolic spaces. Rev. Mat. Iberoam. 27 (2011), no. 1, 303-333.
[NT] Neves, A., Tian, G., Existence and uniqueness of constant mean curva-
ture foliation of asymptotically hyperbolic 3-manifolds. II. J. Reine Angew.
Math. 641 (2010), 69-93.
[OST] O´ Murchadha, N., Szabados,L. B., Tod, K. P., Comment on: ”Positivity of
quasilocal mass” [Phys. Rev. Lett. 90 (2003), no. 23, 231102, 4 pp, by C.-C.
M. Liu and S.-T. Yau. Phys. Rev. Lett. 92 (2004), no. 25, 259001, 1 p.
[P] Pogorelov, A. V., Some results on surface theory in the large. Advances in
Math. 1 1964 fasc. 2, 191-264 (1964).
[R] Rolda´n, A.,Hipersuperficies e operadores de Dirac, doctoral thesis, Unversi-
dad de Granada, 2003.
20 EZEQUIEL BARBOSA, LEVI LOPES DE LIMA, AND FREDERICOGIRA˜O
[SY] Schoen, R., Yau, S.-T., The energy and the linear momentum of space-
times in general relativity, Comm. Math. Phys. 79 (1981) 47-51.
[ST1] Shi, Y., Tam, L.-F., Positive mass theorem and the boundary behaviors
of compact manifolds with nonnegative scalar curvature. J. Differential
Geom. 62 (2002), no. 1, 79-125.
[ST2] Shi, Y., Tam, L.-F., Rigidity of compact manifolds and positivity of quasi-
local mass. Classical Quantum Gravity 24 (2007), no. 9, 2357-2366.
[W1] Wang, M.-T., Quasilocal mass and surface Hamiltonian in spacetime,
arXiv:1211.1407.
[W2] Wang, M.-T., Gravitational energy seen by quasilocal observers. Classical
Quantum Gravity 28 (2011), no. 11, 114011.
[WY1] Wang, M.-T., Yau, S.-T., A generalization of Liu-Yau’s quasi-local mass.
Comm. Anal. Geom. 15 (2007), no. 2, 249-282.
[WY2] Wang, M.-T., Yau, S.-T., Quasilocal mass in general relativity. Phys. Rev.
Lett. 102 (2009), no. 2, no. 021101.
[WY3] Wang, M.-T., Yau, S.-T., Isometric embeddings into the Minkowski space
and new quasi-local mass. Comm. Math. Phys. 288 (2009), no. 3, 919-942.
[Wa] Wang, X., Themass of asymptotically hyperbolic manifolds. J. Differential
Geom. 57 (2001), no. 2, 273-299.
[Wi] Witten, E., A new proof of the positive energy theorem. Comm. Math.
Phys. 80 (1981), no. 3, 381-402.
[Z] Zhang, X., A definition of total energy-momenta and the positive mass
theorem on asymptotically hyperbolic 3-manifolds I. Comm. Math. Phys.
249 (2004), no. 3, 529-548.
UNIVERSIDADE FEDERAL DE MINAS GERAIS, DEPARTMENTO DE MATEMA´TICA, CAIXA POSTAL
702, 30123-970, BELO HORIZONTE, MG, BRAZIL
E-mail address: ezequiel@mat.ufmg.br
UNIVERSIDADE FEDERAL D CEARA´, DEPARTAMENTO DE MATEMA´TICA, CAMPUS DO PICI, AV.
HUMBERTO MONTE, S/N, BLOCO 914, 60455-760, FORTALEZA/CE, BRAZIL.
E-mail address: levi@mat.ufc.br
E-mail address: fred@mat.ufc.br
